Abstract-Grid code specifications for voltage ride-through (VRT) of power generating units are based on time-domain envelopes of permissible terminal voltage magnitudes. Since an infinite number of voltage trajectories can be inscribed within a given enclosure, verifying that a given apparatus will withstand any such disturbance can be a daunting task. This paper tackles the VRT verification problem for doubly fed induction generator (DFIG)-based wind turbines. To this end, reachability analysis is employed to calculate sets that enclose all possible trajectories of the dynamic states of a DFIG-based system when perturbed by unknown-butbounded grid voltage disturbances.
I. INTRODUCTION

W
IND turbines are required to comply with grid interconnection codes regarding voltage ride-through (VRT) capability during faults in the high-voltage transmission system [1] - [3] . Transmission system operators commonly specify VRT requirements in terms of a time-domain envelope of the fundamental-frequency voltage magnitude [3] .
For example, the VRT envelope of the Western Electricity Coordinating Council (WECC) [2] is depicted in Fig. 1 . The portrayed 'high VRT' and 'low VRT' bounds define a no-tripping zone of permissible 60-Hz voltage magnitude trajectories at the point of interconnection of a wind power plant with the bulk electric system. The voltage limits under normal operating conditions are defined as 0.95 and 1.05 per unit (p.u.). After a grid-side fault occurs at t = 0 s, accompanied by a sudden drop in voltage anywhere from 0 to 90% of nominal, the voltage recovers arbitrarily but typically remains within the VRT boundaries. Voltages are allowed to be as low as zero due to severe faults close to the plant terminals. Faults are generally cleared within nine cycles (i.e., no later than t = 0.15 s). The subsequent voltage recovery period extends until the 'low VRT' bound reaches 0.9 p.u. at t = 1.8 s. The network response after a fault is cleared can exhibit a temporary overshoot. This situation is captured by the 'high VRT' bound, which drops to 1.1 p.u. at t = 3 s. After the voltage transient is complete, the wind power plant is required to have the capability to operate continuously within the emergency voltage limits 0.9 and 1.1 p.u. Doubly fed induction generator (DFIG)-based wind turbines, also known as Type-3 turbines, are widely used [4] , [5] . This topology employs a DFIG and a partially-rated power electronic converter. The behavior of DFIG-based wind turbines during faults has been studied extensively, e.g., see [6] - [9] . It has been shown both theoretically and experimentally that abrupt changes of the stator voltages during faults result in high currents and voltages in the rotor windings, which can damage the rotor-side converter (RSC) [7] , [10] , [11] .
An early solution to allow Type-3 wind turbines to ride through faults was to divert rotor currents from the RSC using an ac crowbar [6] , [12] . Activation of the crowbar implies that the RSC is momentarily disabled, which in turn essentially transforms the DFIG to an uncontrolled induction machine [13] . Nonetheless, modern grid codes may require wind turbines to inject reactive currents during faults [14] , [15] . To avoid using a crowbar, advanced protection strategies employ an over-rated RSC together with a dc-link braking resistor [12] . Other proposed improvements involve modifications of controls [16] - [18] and physical topology [8] , [13] , [16] , [19] .
In practice, the VRT capability of Type-3 systems is established by conducting computer simulations and physical experiments for a finite set of initial conditions and fault voltage trajectories. However, the envelopes prescribed by the grid codes contain an infinite number of trajectories, so verifying that a wind turbine will withstand any such disturbance can be a daunting task. In this paper, the VRT capability of Type-3 systems is ascertained using a set-based modeling and simulation framework, namely, reachability analysis for uncertain dynamic systems with initial conditions that can be considered unknown but bounded [20] - [24] . The method yields sets that enclose all possible trajectories of system states (e.g., voltages and currents) during grid-side disturbances.
Recently, a method to establish the VRT capability of permanent-magnet synchronous generator Type-4 wind turbines was proposed [25] . The analysis employs a zonotope-based reachability technique that was originally proposed in [23] , [26] . Here, the method is extended to Type-3 wind turbines, which are of higher dimensionality and exhibit more complex dynamics due to the rotating machine that directly interacts with the grid fault. (In Type-4 systems, the generator is decoupled from the grid by a fully-rated converter.)
The first main contribution of this paper is to set forth an appropriate DFIG system dynamic model for VRT reachability analysis. In particular, the proposed model is novel in regards to the way that the disturbance is handled, compared to the conventional method of treating stator voltages as external additive inputs to a qd machine model. In this new approach, the machine/control state vector is augmented by states that represent the disturbance. Asymmetric three-phase faults within the VRT envelope are captured in the qd modeling framework as the output of an oscillator of double fundamental frequency with uncertain initial conditions that are periodically reset. This setup eliminates artificial dc components from the armature voltages, which arise in VRT reachability analysis if the disturbance is modeled as an unknown-but-bounded input to the dynamic system as in [25] .
A second main contribution of this paper is a novel quadratic model of the dc-link dynamics for VRT reachability analysis. In Type-4 systems, during a grid-side fault, the machine injects constant power to the dc-link. However, in Type-3 systems, the injected power from the RSC has a sustained oscillatory nature throughout the fault due to the poorly damped DFIG dynamics [9] , [11] , [16] . This nonlinear phenomenon cannot be studied using the modeling approach of [25] because it causes the computed reachable sets to grow unrealistically fast. To address this issue, the evolution of the dc-link voltage lower bound is computed by formulating a quadratic program. To ensure VRT capability, the lower bound needs to be higher than the maximum voltage that is required to control the rotor currents during a fault.
A brief introduction to reachability theory and a concise description of the underlying computational method is given in Section II. The paper proceeds by presenting the comprehensive Type-3 turbine system model in Section III. A case study is provided in Section IV. Section V concludes the paper.
II. REACHABILITY ANALYSIS PRELIMINARIES
A DFIG-based wind turbine can be modeled as an uncertain linear system during grid faults. The dynamic response of the system is computed by a sequence of homogeneous initial value problems for the time intervals
Here, A ∈ R n x ×n x is a constant matrix and x k (t) ∈ R n x is the state vector. The initial value setsR k −1 at t = t k −1 are obtained by modifying the final values of the previous interval R k −1 , as will be explained in Section II-B. The dynamics originate from a specified set of initial conditionsR 0 = X 0 .
The overall goal of reachability analysis is to compute a flow pipe that contains all trajectories of (1) over time. Solving (1) yields a sequence of reachable sets at times t k , given by
The calculation of a tight over-approximation of the flow pipe over a time interval 
A. Definitions of Sets and Operators
A zonotope Z is a set defined by
where the center c and the q generators g (i) are vectors in R n z . A shorthand notation is Z = c, g (1) , ..., g
= (c, G ) . The reachability analysis algorithm employs interval arithmetic [27] . Interval vectors and interval matrices contain entries that can take any value within prescribed intervals [β,β] ⊂ R, which can be different for each entry. The midpoint of an interval vector is mid(z) = 0.5(z +z), and its radius is rad(z) = 0.5(z − z). These definitions are also extended to interval matrices. 1 The following operations on zonotopes are applicable here. The interval hull of a zonotope is
The zonotope representation of an interval vector is
Here, Diag(·) creates a diagonal matrix using the entries of its vector argument. The Minkowski addition of two zonotopes,
The
If M is an interval matrix, then an over-approximating zonotope of M Z can be calculated by [22] 
Cartesian product of two zonotopes, which can be extended to three or more zonotopes, is
B. Reachability Analysis Algorithm
The reachability analysis of the DFIG system is performed using Algorithm 1, which has been adapted from [20] - [23] . Time intervals are equally spaced with time step r. The algorithm begins by constructing a linear model A of the system dynamics. A state transition matrix is calculated in line 2 by invoking a matrix exponential routine. A correction interval matrix E is computed in line 3, which compensates for the curvature of the state trajectories during each time interval. The calculation of E depends on a specified number ν of Taylor expansion terms [23] . In lines 4 and 5, R 0 andR 0 are initialized with X 0 .
In line 7, the reachable set R k is computed via linear transformation of the zonotope from the previous time step using (7) . In line 8, the reachable set R k −1,k is assembled by Minkowski adding the convex hull CH(·) [20] , [23] to a term that accounts for trajectory curvature. These sets are depicted in Fig. 2 . In line 9, the function ic update(·) returns the initial condition zonotope for the next iteration,R k .
As will be explained in Section III-B, the state vector is augmented by modeling rotor current control commands and the grid voltage disturbance as states. The grid voltage components of the state vector are updated at every electrical cycle, whereas the other states are not modified. This requires that the simulation time step r is chosen so that ∃ n ∈ N : n · r = 2π/ω e , where ω e is the power system angular frequency. For example, let the zonotope containing all system states at the end of interval k be 
if k = jn, j ∈ N; otherwise, the function is inactive and returns Z. This process is illustrated using a simple twodimensional (2-D) example in Fig. 3 . This operation decouples the generator system states from the voltage disturbance. A similar operation is applied to the state vector components related to the rotor current commands. However, this update occurs only once at t = 1.8 s, when the control strategy is changed from fault ride-through to normal operation. (This is the end of the low-voltage recovery period of the VRT curve of Fig. 1.) Initially, the zonotope of initial conditions X 0 is defined by a relatively small number of (nonzero) generators, q 0 q. The operations in lines 8 and 9 cause an expansion in the number of generators. In particular, the operator ic update(·) creates a zonotope that is carried over to the next iteration. To control this growth, when the number of nonzero generators exceeds q, an algorithm that constructs a new over-approximating zonotope with only q generators is used [20] .
An optional step, which is not explicitly shown in the algorithm, consists in finding time-domain bounds of the reachable sets using
This construction is useful for time-domain visualization purposes. 
III. SYSTEM MODELING
The topology of a Type-3 wind turbine is depicted in Fig. 4 . The stator terminals are connected to the low-voltage side of a step-up transformer, while the rotor terminals are connected to the RSC through a brush/slip-ring assembly. During normal operating conditions, the RSC controls the rotor speed of the DFIG for maximum power extraction from the wind stream [29] . A grid-side converter (GSC) controls the dc-link voltage v dc . The two converters are assumed to have the conventional 6-switch bridge topology. During grid faults that remain within the no-tripping zone of Fig. 1 , the ac crowbar and the GSC are disabled. The GSC is disabled by switching off all IGBTs, assuming that the diodes remain reverse-biased during the fault.
The reason for not activating the ac crowbar during the fault, which would short-circuit the rotor windings of the DFIG, is to maintain controllability of the rotor currents. The capability to control the level of reactive power consumption (or injection) of the DFIG during a VRT event is required by modern grid codes [14] , [15] . The rationale behind this requirement is related to the reliability of the power system. In systems with large penetrations of wind turbines, the post-fault grid voltage recovery is hampered by the large reactive power consumption of uncontrolled DFIGs with enabled crowbars. However, the ac crowbar could be activated to protect the DFIG and power electronics if the voltage waveform strays outside the VRT boundaries, or under other abnormal circumstances. These situations are not being considered in this paper.
During a VRT event, the real power output is immediately commanded to zero by controlling the q-axis rotor current. Since some net amount of energy may flow towards the dc link during the transient, a braking resistor r c is necessary to prevent dclink over-voltages. The switch duty cycle γ becomes nonzero when the dc-link voltage exceeds a certain threshold, and is modeled as in [25] . Operating under increased dc-link voltage does not pose a problem for the controllability of the rotor currents. Hence, the braking resistor action is not incorporated in the reachability analysis; only the evolution of the lower bound of the dc-link voltage needs to be calculated. However, the dc chopper is modeled in detail in the switch-level simulation of Section IV.
The dynamics of the blade pitching controls, rotating masses, and gearbox are neglected because they would not be prominent during the short duration of a voltage disturbance. Hence, the rotor speed is assumed to remain constant throughout a fault.
To establish the VRT capability of this system, it is necessary to model the coupled dynamics of the DFIG, the RSC, and the dc-link voltage.
A. DFIG Model and Control
The electric generator is modeled in the synchronous reference frame using qd stator and rotor currents
as states, and qd stator and rotor voltages
as inputs. The machine dynamics can be expressed, using the nomenclature of [30] , as
where
Referral of rotor quantities to the stator by a turns ratio N rs is denoted by primes. To obtain (14) , the qd magnetizing flux linkages are linearly related to the stator and rotor currents by
Since the equations involve a constant inductance coefficient L M , the generator model does not incorporate magnetic saturation. This formulation is a reasonable approximation because the rotor currents are actively controlled during the fault. Therefore, relatively large currents (i.e., on the order of 5-7 times nominal, which typically appear in synchronous or induction generators during grid-side faults) do not materialize, and the saturation level of the DFIG does not increase significantly throughout the VRT transient. The RSC voltage commands are composed as
where the shorthand notation, f qdx = (f qx , f dx ) T , is introduced. Here, f can represent current, voltage, or control variables, and x ∈ {s, r}. The feed-forward voltages are
Ideally, this component eliminates the dependence on electrical rotor speed ω r , stator currents, and stator voltages from the rotor electrical dynamics. These terms also decouple the qd equations of the rotor windings. Hence, independent control of i qr (t) and i dr (t) can be achieved via the control voltages
which enable proportional-integral (PI) regulation of the rotor currents. The dynamics of the PI integrators are (22) if the reference frame is oriented so that v ds = 0. The approximation in (21) and (22) results from neglecting resistive elements in the rotor and stator windings. The reference frame is aligned using a phase-locked loop that tracks the angle of the positive-sequence voltage during steady-state and fault conditions [31] , [32] . During grid faults, prescribed trajectories for the current commands i * qdr (t) can be programmed to fulfill the reactive current injection requirements of grid codes. Here, for simplicity, the control strategy uses constant qd rotor current commands. The fault occurs at t = 0 s. For t ∈ [0, 1.8] s, the RSC drives a given current I VRT rms into the rotor, which is entirely aligned with the d-axis. After t = 1.8 s, when the voltage is expected to reach a level close to its nominal value, the rotor current commands are returned to their pre-fault levels. Specifically,
For reachability analysis, the current commands are modeled as system states with zero derivative, i.e.,
The RSC is controlled as a voltage source, e.g., using a space vector modulation technique with switching frequency f sw . Since the switching frequency may be relatively low for multi-MW machines, the RSC cannot be safely assumed to generate an average voltage that tracks the voltage commands instantaneously. Here, the dynamic response of the RSC is modeled as a first-order system [12] ,
where τ c = 1/(2f sw ). The commanded RSC voltages can be obtained only if there is adequate dc-link voltage, that is,
Note that non-referred variables are used in (27) .
When (27) is satisfied (which can be verified using reachability analysis), an average-value model of the DFIG and its controls is obtained by assembling (14), (20) , and (26), using the definitions (17)- (19), into a single dynamical system
The matrices A gen , B gen , and N gen are defined in (30) and (31), shown at bottom of the next page. Note that the lagging response of the RSC (see (26) ) interferes with perfectly decoupled control of qd rotor currents. Therefore, the dynamics of the rotor and stator circuits still interact during a VRT transient,
B. Fault Model in qd Coordinates
At the time instant of the fault and beyond (i.e., for t ≥ 0), the line-to-neutral grid voltages at the stator terminals are modeled in the following general form:
representing an unbalanced three-phase set. The time-varying rms voltage magnitudes v a (t), v b (t), and v c (t) are unknownbut-bounded and independent from each other. Each magnitude belongs to a time-varying interval v(t), which is defined by the upper and lower bounds of an envelope similar to the one of Fig. 1 . Here, the voltage drops in the cables and transformers of the collection system are neglected. 2 Hence, the VRT envelope specified by the grid code, which pertains to the voltage at the In the proposed reachability analysis framework, it is necessary to model the unknown trajectories of v a (t), v b (t), and v c (t) as piecewise constant, only allowing step changes to occur at precisely every electrical cycle. In particular, V abc (t) is updated periodically using (11) . This property ensures that the unknownbut-bounded disturbances that are applied to the DFIG terminals are free of dc components, even though these are not explicitly present in the expressions (32)- (34) . The presence of a dc offset in the voltage can create a very high current in the armature, which is limited only by the stator resistance. This would be detrimental to the analysis, as it would obscure the dynamics of interest caused by variations in the fundamental-frequency voltage of the VRT envelopes.
To illustrate how dc offsets can be inadvertently introduced, consider an example where v a (t) can change value within an electrical cycle, e.g.,
where T = 2π/ω e is the electrical period and ϕ e = 0. Clearly, this function yields a line-to-neutral voltage with nonzero average value over the cycle. Therefore, if the disturbance is not modeled properly, the reachability analysis algorithm will yield enclosures that correspond to permissible dc offsets in the voltage waveforms. In the proposed formulation, the voltages are still allowed to switch between any two values within the VRT envelope, but only at prescribed time instants. Should it be desirable to account for dc voltage components, it is possible to add such terms to the expressions (32)-(34). This is not done here because the current grid codes do not provide specifications regarding allowable dc components. The transformation of the three-phase voltages to a synchronous reference frame, i.e., a frame that is aligned with the
positive-sequence voltage angle θ e = ω e t + ϕ e , yields [25] 
Explicit dependence on time is omitted for clarity. Since v a , v b , and v c ∈ v(t), it can be shown using (37)- (39) that Fig. 5(b) for t = 0. The zonotope V qds (t) that encloses v qds (t), which is obtained by (36)- (40), should satisfy the requirement regarding absence of dc offsets in the disturbance set. To this end, consider the time intervals of width nr = 2π/ω e , [(j − 1)nr, jnr), j = 1, 2, . . ., during which the abc grid voltage magnitudes are unknown but constant. Within these intervals, the set V qds (t) is also the output of the homogeneous linear system
with state w j (t) ∈ W j (t) due to uncertain initial condition w j 0 ∈ W j 0 . This zonotope is computed using (7) by
where θ j 0 = ω e (j − 1)nr + ϕ e . Geometrically, W j 0 is obtained by rotating V 123 ((j − 1)nr) by 2θ j 0 around its v 3 -axis, as implied by (43) and depicted in Fig. 5(c) for j = 1. Hence,
for t ∈ [(j − 1)nr, jnr), j = 1, 2, . . .. These sets have three generators and can be visualized as polygon shapes, like the one shown in Fig. 5(d) for t = 0. The outer boundary of V qds (t) that is traced by the polygon vertices as time progresses is depicted by two intersecting circles. In general, the size and position of these circles depends on v(t).
C. DC-Link Model
The controllability of the DFIG rotor currents is compromised whenever (27) is violated. This condition is verified in two stages: i) by computing the reachable sets of the DFIG system states, and ii) by examining if the inequality
is satisfied for each k = 1, . . . , K. The left-hand side is the maximum dc-link voltage that might be required by the RSC at t k , whereas the right-hand side is the minimum dc-link voltage that might be available at the same time instant. The left-hand side of (45) is obtained by solving
where V qdr,k is the zonotope containing the trajectories v qdr (t) at t = t k . Note that V qdr,k is a 2-D projection of the reachable set R k (see Algorithm 1). The solution of (46) is located at one of the vertices of V qdr,k .
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The condition (45) is satisfied if its left-hand side is less than a lower bound of its right-hand side,
where E C (t) is a lower bound of the capacitor energy
Here, P r (t) is the power absorbed by the rotor, and P l (t) represents switching and conduction loss in the RSC. It is assumed that the braking resistor is inactive; otherwise, the controllability of rotor currents is not an issue. Note that grid-side variables do not appear in (48) because the GSC is turned off for t ∈ [0, 1.8] s.
The energy E C (t k ) is bound below by
To obtain this expression, the rotor energy was expressed as a quadratic mapping, that is,
where α ∈ R q is a vector of zonotope generator coefficients α i as in (3) . Therefore, max α E r,k (α) represents the maximum energy consumed by the rotor with respect to all possible uncertainties within the reachable sets of the DFIG system through t = t k . Also, the maximum converter power loss P max l is used since it yields the fastest rate of decay of the dc-link voltage. This parameter can be obtained from an efficiency map of the RSC. Hence, a lower bound of the capacitor energy at each t k is obtained via the solution of a constrained quadratic problem.
To prove (50), first extract rotor currents and voltages from the solution of (1) 
by using appropriate 2-by-n x matrices C 1 and C 2 . Then, these equations are substituted in P r (t) =
where we define
Here, ΔE r,s signifies the rotor energy consumption over the sth time interval. Recall that all time intervals have equal width r. Hence, J ∈ R n x ×n x is a constant matrix that is computed via trapezoidal numerical integration [34] .
Next, since
In this expression, the values of the q coefficients α i ∈ [−1, 1] correspond to the choice of (i) a particular initial condition and (ii) a disturbance trajectory from the VRT envelope from t = 0 to t = t s−1 . Thus, substituting (56) into (54) yields
Finally, combining (53) and (57) yields (50) where
D. Assembly of Equations for Reachability Algorithm
The expressions (25) , (28), (41), and (42) are combined into a 13th-order dynamic system as in (1) with
and
T . Initially at t = 0 − (i.e., right before the fault occurs), the system is assumed to be at steady state, connected to a 3-phase balanced voltage source.
The operating points of the DFIG system can be determined from the following user-defined information: (i) The mechanical torque T m , corresponding to a particular wind speed, which is 
as specified by the VRT envelope of, e.g., Fig. 1 . The determination of the initial condition zonotope X 0 proceeds as follows:
1) The initial conditions of (25), namely, (0, √ 2I VRT ) T , are used to construct a zonotope I * qdr0 . This zonotope has a center but lacks generators, that is, it represents a singlevalued vector. 2) A zonotope that contains the generator states y(0) is found using (28) as
with
The interval vector i * qdr (0 − ) for the pre-fault rotor current commands is obtained by computing the extrema of (21) and (22) for Q * s ∈ Q s and v qs (0 − ) ∈ v qs . Note that the electrical rotor speed ω r , which is needed to calculate A gen , is obtained from a torque-speed look-up table for the particular turbine under study. Here, the simple quadratic formula T * e = −k opt ω 2 r , is used, where k opt > 0 is a constant associated with maximum power point tracking control [35] . 3) A zonotope W j 0 that contains w j (0) is obtained using (40) and (43) for t = 0 and j = 1. The interval v(0) is obtained from the VRT envelope, whereas ϕ e is a given voltage angle parameter. 4) Finally, X 0 is assembled using (9) as
IV. CASE STUDY
The VRT capability of a 4-pole, 2-MW, 690-V DFIG wind turbine is analyzed. System parameters are listed in Table I [ • . The reachability study was conducted on an Intel Core TM i7 CPU running at 3.4 GHz. The zonotope operations were implemented using MATLAB 2014b [37] , and interval operations were performed using INTLAB [38] . The bounded quadratic problems (49) were solved using MINQ [39] . The number of Taylor terms involved in the computation of the correction interval matrix E was ν = 8. The number of zonotope generators was set to q = 455. The average computational time to simulate 4 s was 137 s using n = 415 and r = 1/(415 · 60) ≈ 40 μs. Hence, the VRT capability can be verified over the entire DFIG operating range in a matter of hours, by running a series of reachability studies for various initial real and reactive power setpoints. Possibly, one may decide to vary ϕ e as well, although its impact is minor.
Figs. 6-9 depict 2-D projections of the 13-dimensional reachable sets R k −1,k , which are drawn in gray. For brevity, in the discussion that follows these projections will be simply referred to as reachable sets of specific variables. For clarity, only a subset of all computed sets are plotted to render the figures less dense. Also shown in black are projections of R k at particular times of interest.
Reachable sets of qd rotor and stator currents are depicted in Fig. 6 . When the fault occurs, the rotor current zonotopes quickly transition from the initial set (A) of Fig. 6(c) to the neighborhood of the commands (23) and (24), around which they start oscillating. The zonotopes (B) are snapshots of the reachable sets at t = 0.15 s. The stator current zonotopes follow a similar pattern. The area of the zonotopes decays slowly from 0.15 s to 1.8 s. At t = 1.8 s, the rotor currents are commanded to return to their pre-fault sets which influences the stator current zonotopes as well. Oscillations occur again and a slow decay leads towards the pre-fault reachable sets. The zonotopes (C) are snapshots of the reachable sets at t = 4 s. It is observed that the reachable sets of stator and rotor currents cross the circular current limits. These violations may be acceptable as long as they are short-lived and remain within the thermal specifications of system components. Fig. 7 depicts reachable sets of qd magnetizing flux linkages. These are obtained by mapping the reachable sets of stator and rotor currents using (15) and (16) . The dashed circle's radius corresponds to an estimated boundary of magnetically linear operation, past which the machine operation gradually deteriorates. Typically, this is a point close to the "knee" of the λ-i magnetizing characteristic. Detailed knowledge about the machine design is necessary to determine its precise value. Here, the circle has radius √ 2Λ max = 1.7 V·s. This is the maximum value of (λ 2 m q + λ
1/2 over the entire range of steady-state operation of the DFIG. It can be observed that the reachable sets extend outside the circle, hence it is possible that the flux vector magnitude may exceed √ 2Λ max periodically during the transient. Determining whether this excursion constitutes an operational issue is beyond the scope of this paper. Fig. 8 depicts the reachable sets of the rotor current PI integrators z qdr . The extreme points of these sets provide useful information for setting the saturation (anti-windup) limits of the integral regulators. The dashed boxes that enclose z qr and z dr within ±20 V represent one possible setting that would not compromise the controllability of the DFIG during any VRT event, as long as there is sufficient dc-link voltage. Fig. 9 depicts the reachable sets of qd RSC voltages. The sets exhibit oscillatory behavior and remain within the nominal circle (of radius V dc / √ 3) throughout the fault. However, since the dc-link voltage deviates from its nominal value during the fault, these plots are still inconclusive with regard to controllability of rotor currents. To this end, the condition (45) is verified by inspecting the results of Fig. 10 , which are obtained using (46) and (47). Since the lower bound of available dc-link voltage is always above the maximum required voltage by the RSC, controllability can be maintained during the VRT event. If a violation is detected, a designer may consider increasing the dc-link capacitance and/or nominal voltage. On the other hand, if the gap is deemed to be overly conservative, it could indicate that the system is over-engineered.
A switch-level simulation that includes detailed models of the RSC and GSC is implemented using Matlab/Simulink and PLECS [40] . The converters are controlled using space vector modulation. A disturbance instance is defined by the voltage trajectories shown in Fig. 11 , which correspond to an asymmetric fault for 150 ms, followed by a temporary overshoot in the voltage of two phases and a slow recovery time. The dc-link voltage from the simulation is plotted in Fig. 10 . Rotor and stator current time-domain bounds and deterministic waveforms are juxtaposed in Figs. 12 and 13. It can be observed that the trajectories remain inside the bounds; however, they are slightly violated by the current ripple because the reachable sets are computed using average-value models.
V. CONCLUSION
This paper has set forth a method to study the VRT capability of Type-3 wind turbines, which is verified by ascertaining whether currents and voltages of the machine and dc-link will remain within acceptable bounds during the transient. Reachability analysis is employed to capture in one simulation all possible disturbances inscribed by the grid-code VRT bounds. To this end, it was necessary to develop a novel dynamic model of a DFIG system during a grid-side fault and a distinctive quadratic programming approach to quantify the uncertainty in the dc-link dynamics.
The analysis hinges on the capability to control the rotor currents throughout the disturbance without resorting to ac crowbar activation, in order to satisfy modern grid codes. The proposed reachability analysis method can predict the maximum required dc-link voltage to actively ride through any grid-side fault. It should be noted that this voltage level could be higher than the level required for normal operation. This could impact component selection and system cost. Additionally, it may create current control issues closer to synchronous speed, where the rotor-side back-emf is lowest.
In this paper, sudden voltage phase angle jumps, which may occur at the instant of the fault and again when it is cleared due to changes in network topology, were not accounted for. In fact, present VRT standards do not provide such information, but only specify fundamental-frequency magnitude envelopes. In the presence of a high-quality PLL that can track these changes, this should not constitute a major issue for the DFIG system. In fact, voltage angle jumps can be incorporated by modifying the disturbance angle ϕ e at select times during the study. At these time instances, it is necessary to update the angle θ e of the reference frame where the analysis is carried out [25] . Additionally, dc offsets may be added to the voltage disturbances, if appropriate.
